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The entry of fractional vortices and their subsequent dynamics inside a two-band superconductor is explored
based on the numerical solutions of time-dependent Ginzburg—Landau (TDGL) equations. We consider the case
when superfluid electron condensates from two zones are characterized by quite different parameters, such as
coherence lengths &;, and London penetration depths A,, which in turn leads to the different critical magnetic
fields H.; and fractional flux quanta ¢; values for the superconducting state in these two zones. Numerical solu-
tions of TDGL equations in increasing external magnetic field followed by mathematical modeling of magnetic
flux penetration were performed for this case by finite element method. We have explored the time evolution for the
fractional vortices penetration process and their subsequent dynamics inside the specimens for two geometries: the
circular disk, and the circular disk with a triangular cutout. Obtained results indicate that magnetic flux pene-
trates inside the specimen in form of fractional vortices when they can overcome the edge barrier, which may be
different for these two vortex types. Therefore, in increasing external magnetic field first penetrate vortices with
a lower barrier height (i.e., lower H, ;) while the other type fractional vortices start their penetration at higher ex-
ternal field value. Another mechanism for the formation of fractional vortices during their entrance in a two-band
superconductor is related to the difference in their flux values and viscosity coefficients which determine the rate
of vortex proliferation inside the sample. Within the specimen, fractional vortices move in order to arrange. Vor-
tices of different types attract to each other and try to stick together thus forming composite vortices with the
whole flux quantum value ¢y = //2e.
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1. Introduction

There is significant interest in the physics of supercon-
ductors with multiple-order parameter components related
to different electron zones in multiband superconductors.
The latter is supported by investigations of superconducting
states in new classes of superconducting materials, e.g.,
MgB,, Fe-based pnictides, heavy fermion compounds, etc.
[1, 2]. It is considered that each band in a multi-band super-
conductor has a condensate with an amplitude and phase
that weakly interacts with the condensates of the other
bands. This circumstance creates possibilities for observa-
tion of principally new effects of macroscopic phase co-
herence related to interference phenomena between wave
functions of electron superfluid condensates formed in
different zones [2—4]. One of the striking phenomena of
this type concerns formation of the fractional flux vortices
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in the mixed state of multiband superconductors [5]. It turns
out that Abrikosov vortices in multiband superconductors
at definite conditions can be decomposed into the fractional
flux vortices formed by electron superfluid condensates of
separate electron zones.

In the present work, we examine the possibility of such
fractional flux vortices formation during the dynamical mag-
netization process when vortices enter inside superconductor
overcoming the surface edge barrier in the applied external
magnetic field. For the sake of simplicity, we explore the
case of isotropic two-band superconductor with different
characteristic parameters of superfluid condensates in two
zones. The flux entry associated with vortex formation and
proliferation inside the two-band superconductor meso-
scopic cylinder settled in a parallel magnetic field is studied
on the base of time-dependent Ginzburg—Landau (TDGL)
theory. Solution of TDGL equations and subsequent
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modeling is performed numerically by use of the finite
element method. We have explored the time evolution for
the fractional vortices penetration process and their subse-
quent dynamics inside the specimen. Two types of geometry
are considered for the cross-section of the specimen: (i) a
circular disk and (ii) a circular disk with a triangular cutout.
Obtained results indicate that magnetic flux penetrates in-
side the specimen in form of fractional vortices when they
overcome the edge barrier, which may be different for these
two vortex types. Inside the specimen, fractional vortices
move in order to arrange; vortices of different types attract
to each other and try to stick together thus forming compo-
site vortices with the whole flux quantum value ¢,.

2. Fractional flux vortices in two-band superconductors

Existence of two electron zones with weakly interacting
superfluid condensates of Cooper pairs allows to suggest
that there are fractional flux vortices formed be superfluid
electrons in each of these two zones. First it was suggested
by Babaev [5] and later discussed in many other works (for
a review see, e.g., [2, 4]). In this section, the main features
of such fractional flux vortices are discussed on the base of
the Ginzburg—Landau theory for isotropic two-band super-
conductor with a weak Josephson coupling of electron su-
perfluid condensates in two zones [2—4]:
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here F'is the Ginzburg-Landau free energy functional, J; is
the supercurrent density, A is the vector-potential of magnetic
field, m; is electron mass, and \y; is the order parameter of
superconducting state in the jth zone (j = 1, 2). The super-
conducting state in each of two zones may be characterized
by specific values of the coherence length &; and London
penetration depth A;:
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here A is the total penetration depth for the two-band su-
perconductor.

In what follows we will consider the London limit:
& <<\; (i,j =1, 2). For this case, one can assume:
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and the supercurrent density (2) takes the form:
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If the magnetic flux @ is located within the restricted
area inside the two-band superconductor, then integrating
(5) along the closed trajectory surrounding this area at dis-
tances larger than A (so that J; goes to zero over this trajec-
tory), one gets:
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here n; and n, are integers which arise due to integration of
the VO, term in (5) over the closed trajectory:
$Vo,di =27, .
So, the flux ® in (6) is quantized with flux quanta values
¢, and ¢,:
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These fractional flux quanta are associated with vortices,
formed by electron superfluid condensates in two zones,
and their values can be written in form:
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The free energy density functional for the two-band super-
conductor in the London limit can be written as:
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Jj=12

+7cos (0, -0,).

(€))

The free energy of the whole sample is given by:
3= jdzr F, ().

Using the variation procedure 33/8A =0, one gets the
London—Maxwell equation [4, 6]:

A2V xH = —A+2L VO, = ¢2v92
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(10)

Taking the rofor operation from both parts in (10) one ob-
tains equation for the distribution of magnetic field, created
by fractional vortices settled at positions R, and R,,, for
both types of these vortices, respectively:
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We assume that the magnetic field, as well as the axis of
vortices is oriented along the z axis, so that R, and R,,,
denote vortex positions in the xy-plane.

Substitution of expression (10) for A in Eq. (9) allows
to calculate the free energy density and energetic charac-
teristics of fractional vortices, namely their self-energy and
the interaction energy for vortices from the same and also
from different electron zones [4, 6]. It turns out that frac-
tional vortices from the same electron zone repel each other
and their interaction energy is given by:
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Meanwhile, vortices formed by electron condensates from
different zones attract each other and try to merge and
form the composite vortex with a whole flux quantum @,.
The interaction between fractional vortices, corresponding
to this attraction is given by:
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Thus, vortices in two-band superconductors preferably
exist in form of composite vortices which are quite similar
to those in single-band superconductors. Nevertheless, it’s
believed that at some conditions these composite vortices
can be decomposed into fractional flux vortices. One of
these possibilities is discussed in the next section.

3. Entrance of fractional flux vortices inside a two-band
superconductor: TDGL modeling

Here we explore a possibility for the fractional vortices
emergence inside a mesoscopic two-band superconductor
cylinder in applied longitudinal magnetic field. The separa-
tion of a composite vortex, bearing the total flux quantum ¢y,
into fractional flux vortices can proceed during the pene-
tration of magnetic flux from outside in the interior of two-
band superconductor due to different values of the Bean—
Levingston surface barrier for fractional vortices formed
by superfluid condensates from two electron zones [6]. We
investigate the dynamics of entry and subsequent proliferation
of fractional vortices inside the two-band superconductor
by numerical solution and modeling of the time-dependent
Ginzburg—Landau equations (TDGL) [7, 8]. For the two-
band superconductor these equations can be written in the
form [4, 9, 10]:

(o 2e SF .
B 5 071
mPy ot Sy
10A a
—— 4V =—— 14
G(c ot (pj 5A (14)

Low Temperature Physics/Fizika Nizkikh Temperatur, 2021, vol. 47, No. 11

where F is the Gizburg—Landau free energy functional,
given by Eq. (1), ¢ is electric field potential, D; and m; are
electron diffusion coefficient and mass for jth zone; o is
the normal state conductivity at 7~ T...

We use a dimensionless form of the system (14) with
the zero electric potential gauge:
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Here, dimensionless length is measured in units of A,
2
time is measured in units of E"—1; v:ﬁ.
D, ME;

For numerical solution equations (15) should be complet-
ed by boundary and initial conditions, which are as follows:
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\yj(r,t—>0):\vj0(r), A(r,t > 0)=A,(r).

For carrying out the numerical solution and modeling of
TDGL equations we have chosen the following parame-
ters, characterizing the electron superfluid condensates in
two zones, namely:

The Ginzburg-Landau parameters «; =2;/& =10,
Ky =MAy /& =25, also A /hy=2, § /& =05, o=1,
v, (1t > 0)=0.8+0.6i, y,(r,t > 0)=-0.8-0.6i, y=0.001.
For these superconducting state parameters the time evolu-
tion of magnetic flux distribution inside the two-band su-
perconductor after the switching on the magnetic field was
modeled for different applied external field values. In
Figs. 1 and 2 these flux distributions are demonstrated for
different external magnetic field values for some chosen
dimensionless time moment (¢ = 100), while in Figs. 3 and 4
the time evolution of the magnetic flux related to the frac-
tional vortices penetration inside the two-band supercon-
ductor is illustrated for some chosen values of applied
magnetic field (H=1.9 and H = 2.2, respectively). From
the results presented in these figures it distinctly follows
that magnetic flux enters inside the two-band superconduc-
tor in form of fractional flux vortices. Fractional vortices
of the same zone repel from each other, while vortices
from different electron zones attract to each other and
have a tendency to merge and form the composite vortex
bearing the whole magnetic flux quanta ¢,. An additional
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Fig. 1. Penetration of fractional vortices inside the mesoscopic superconducting cylinder at different external magnetic field values, H:
1.5 (a), 1.6 (b), 1.8 (c), 1.9 (d), 2.0 (e), 2.1 () accordingly to the numerical modeling of TDGL by use of the finite element method. Vor-
tex patterns are calculated at the definite time moment (¢ = 100 in dimensionless units) after the magnetic field is turned on and vortices
started their entry inside the specimen with an overcome of the Bean—Levingston barrier.

feature of magnetic flux penetration inside a superconduc-
tor is demonstrated in Figs. 2 and 4. One can see that vorti-
ces formed in superfluid condensates from both zones pen-
etrate inside the superconductor through the sharp corner of

the triangle cutout. The latter occurs because of the Meissner
current concentration near the triangle apex. This current
creates the Lorentz force which pushes vortices in the interior
of superconductor.
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Fig. 2. Penetration of fractional vortices inside the mesoscopic superconducting cylinder with a triangular cutout at different external
magnetic field values, H: 1.1 (a), 1.2 (b), 1.7 (c), 1.9 (d), 2.0 (e), 2.3 (f) accordingly to the numerical modeling of TDGL by use of the
finite element method. Vortex patterns are calculated at the definite time moment (¢ = 100 in dimensionless units) after the magnetic
field is turned on. Vortices entry inside the specimen preferably through the apex of the triangular cutout where the current stream con-

centrates.

4. Conclusion

Numerical modeling of magnetic flux penetration and
further proliferation in the interior of two-band supercon-
ductor was performed in the present work by the solution
of TDGL equations using the COMSOL Multiphysics pro-
gram. This study has revealed that magnetic flux penetrates
inside the two-band superconductor in form of fractional
flux quanta, related to vortices formed by electron conden-
sates of two zones. From previous theoretical studies it was

known that fractional vortices are thermodynamically un-
stable and can exist only in mesoscopic samples or near the
specimen surface [6, 11, 12]. Moreover, fractional flux
vortices from different zones attract to each other [see
Eq. (13)] and try to merge and form the composite vortex
with a whole flux quantum ¢,. In [13] it was suggested that
composite vortices in two-band superconductors in the flux
flow state can dissociate and form fractional vortices due
to the disparity of the vortex viscosity and flux for frac-
tional vortices from different bands. In the present work, we
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Fig. 3. Time evolution of magnetic flux penetration inside the circular two-band superconductor settled in external magnetic field
(H,=1.9) at different time moments after the turning on the magnetic field, #: 20 (a), 25 (b), 40 (c), 60 (d), 80 (e), 100 (f).

argue that fractional vortices can arise and exist during
their entrance and subsequent proliferation inside two-band
superconductor, at least during some time of the magneti-
zation process. In this case separation of the composite
vortices with a whole flux quantum ¢y, into fractional ones
can arise due to the different thermodynamic critical field
H,; values for condensates from two zones and, corre-

spondingly, due to the different threshold field values for
vortex penetration through the edge barrier [6]. The other
reason for a such kind separation may be related to the dif-
ferent flux and viscosity values for fractional vortices af-
fecting their proliferation inside the specimen during the
magnetization dynamic process. This is the case considered
in the present work.
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Fig. 4. Time evolution of magnetic flux penetration inside the two-band superconductor specimen with a cross-section in form of the
circle with a triangular cutout, settled in external magnetic field (H, = 2.2) at different time moments after the turning on the magnetic
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This work was carried out in the framework of the project
2020.02/0408 funded by the National Research Foundation
of Ukraine.

1. M. Zehetmayer, Supercond. Sci. Technol. 26, 043001 (2013).

2. Y. Tanaka, Supercond. Sci. Technol. 28, 034002 (2015).

3. A.Omelyanchouk, in: Superconductivity: Theory and
Applications, (2011) Ch. 3.

4. S.-Z. Lin, J. Phys.: Condens. Matter 26, 493202 (2014).

5. E. Babaev, Phys. Rev. Lett. 89, 067001 (2002).

6. M. A. Silaev, Phys. Rev. B 83, 144519 (2011).

7.

9. R. M. da Silva, M. V. Milosevi¢, D. Dominguez, F. M. Peeters,
and J. A. Aguiar, Appl. Phys. Lett. 105, 232601 (2014).
C. A. Aguirre, Q. D. Martins, and J. Barba-Ortega, Physica

10.

11.
12.

Low Temperature Physics/Fizika Nizkikh Temperatur, 2021, vol. 47, No. 11

T. S. Alstrom, M. P. Sgrensen, N. F. Pedersen, and S. Madsen,

Acta Appl. Math. 115, 63 (2011).

D. Y. Vodolazov and F. M. Peeters, Phys. Rev. B 76, 014521

(2007).

C 582,20 (2021).

L. F. Chibotaru and V. H. Dao, Phys. Rev. B 81, 020502 (2010).
J. C. Pifia, C. C. de Souza Silva, and M. V. Milosevi¢, Phys.
Rev. B 86, 024512 (2012).

13. S.-Z.Lin and L. N. Bulaevskii, Phys. Rev. Lett. 110, 087003 (2013).



https://doi.org/10.1088/0953-2048/26/4/043001
https://doi.org/10.1088/0953-2048/28/3/034002
https://doi.org/10.1088/0953-8984/26/49/493202
https://doi.org/10.1103/PhysRevLett.89.067001
https://doi.org/10.1103/PhysRevB.83.144519
https://doi.org/10.1007/s10440-010-9580-8
https://doi.org/10.1103/PhysRevB.76.134505
https://doi.org/10.1063/1.4904010
https://doi.org/10.1103/PhysRevB.81.020502
https://doi.org/10.1103/PhysRevB.86.024512
https://doi.org/10.1103/PhysRevB.86.024512
https://doi.org/10.1103/PhysRevLett.110.087003

A. M. Kutsyk, A. L. Kasatkin, and A. A. Kordyuk

[OuHamika dpakuiiHMX BUXOPIB Yy LBO30OHHMX
HaanpoBiagHMKax

A. M. Kutsyk, A. L. Kasatkin, A. A. Kordyuk

YrcenbHUM PO3B’SI3KOM 3aJIOXKHHX Bifl yacy piBHsHb ['iH30ypra—
Jlannay (TDGL) mocnmipkeHO BXODKEHHS (ppakmiifHUX BHXOpIB Ta
X Hojaibllia AMHAMiKa BCEPEAMHI JBO30OHHOTO HAIPOBITHHKA.
PO3IIISIHYTO BHIIAIOK, KOJIM HAJIUIMHHI €IEKTPOHHI KOHACHCATH
JIBOX 30H XapaKTepH3YIOTbCS HOCHUTh DPI3HHMH I[apaMeTpaM,
TaKUMH SIK JIOBXXHMHA KOTEPEHTHOCTI &; Ta JIOHJIOHIBChKa TIIMONHA
NPOHUKHEHHS A;, [I0 IPU3BOAUTH O PI3HUX KPUTUYHHX MArHiT-
HUX noniB H,; Ta ¢pakuiliHuX 3Ha4YeHb KBAaHTIB MArHiTHOIO IO-
TOKY, SIKMii TOB’SI3aHUI 13 BUXOpaMH y HAAIPOBIIHOMY CTaHi B
X BOX 30HaX. YncensHi po3s’s3ku piBHsIHE TDGL npu pisanx
3HAUEHHX 30BHILIHBOIO MArHiTHOTO MHOJIA 3 MOJAIBIINM MaTeMa-
THYHAM MO/ICJIFOBAaHHSM TIPOHUKHCHHSI MArHiTHOIO MOTOKY BHKO-
HaHO JUISl 1IbOTO BHIIAJIKy METOJOM CKiHYEHHHX ejeMeHTiB. Jloc-
J/PKEHO 4acoBY EBOJIIOLIIO MPOLECY MPOHUKHEHHS (paKiiiHuX
BUXOPIB Ta iX MOJAJbIIY THHAMIKY BCEPEIHHI 3pa3KiB Ui IBOX
reOMETpiii: KpyroBoro JucKa Ta KPyroBOTO AWCKA 3 TPUKYTHHM
BupizoM. OTpUMaHi pe3yJbTaTé CBiI4aTh MPO Te, [0 MArHITHHIA

1010

MOTIK MPOHMKA€E BCEPEIVHY 3pa3Kka y BHUIIIIAL (paKIiHHUX BUXO-
piB, KOJIM BOHM MOXYTh IONOJATH KpaioBuil Gap’ep, skuii, B
3arajlbHOMY BHIIQ[Ky, € Pi3HUM JUIsl IMX JBOX THIIB BHXOPIB.
ToMy npu 301IbIICHH] 30BHINIHBOIO MarHiTHOTO MOJIS Y JBO3OH-
HUH HAJIPOBIJHUK CIIOYATKy HPOHMKAIOTH BHXOPH, M SKHX
BrcoTa 0ap’epy € MEHIIOKW (TOOTO, BUXOPH i3 30HU 3 MCHIIAM
KPUTUYHUM TI0J7eM H,;), Toxi K (QpakiiliHi BUXOpH IHIIOI 30HU
MOYMHAIOTH CBOE IPOHHKHEHHS NpPH OUIBII BUCOKIM BENMYMHI
30BHILIHBOTO MOJIS. [HIIMIT MeXaHi3M YTBOpEHHs ApOOOBHX BH-
XOpIB Iijx 9ac IX BXOAY B JIBO3OHHUI HaJIIPOBITHHK IOB’S3aHUH 3
pi3HHMIICIO B 3HAUYCHHAX (PPaKIifHMX KBAHTIB MOTOKY Ta Koediri-
€HTIB B’SI3KOCTI, SIKi BU3HAYAIOTH MIBUKICTh ITOMIUPEHHS BUXOPIB
BCepeauHi 3pa3ky. Beepenuni 3pasky ¢pakuiiini BUXopu pyxa-
I0ThCS, HAMAralo4nuch yIMOpsAKyBaTuCA. Buxopu 3 pi3HHX eJeKT-
POHHMX 30H MPUTATYIOTHCS OAMH A0 OJHOTO, 3JIUIAIOTHCS, YTBO-
PIOIOYH KOMITO3HUTHI BUXOPH 3 LUINM 3HAYEHHSM KBAHTIB BCHOTO
HOTOKY (g = //2e.

Kutro4oBi cioBa: 1BO30HHUI HAANPOBIIHUK, BUXOPH (paKLiifHOro
MOTOKY, JOBKMHA KOI'€PEHTHOCTI, TIIMOUHA TIPO-
HUKHEHHS, KpUTHYHE I10J1e, KpalioBUi Gap’ep.
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