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Performing an in-depth analysis of the photoemission spectra along the nodal direction of the hightemperature superconductor Bi-2212 we developed a procedure to determine the underlying electronic structure and established a precise relation of the measured quantities to the real and imaginary parts of the
self-energy of electronic excitations. The self-consistency of the procedure with respect to the Kramers-Kronig
transformation allows us to draw conclusions on the applicability of the spectral function analysis and on the
existence of well-defined quasiparticles along the nodal direction even for the underdoped Bi-2212 in the
pseudogap state. The analysis of the real part of the self-energy ⌺⬘共兲 for an overdoped and underdoped
Bi-2212 helps to distinguish the 70 meV “kink” from ⌺⬘共兲 maximum and conclude about doping dependence
of the kink strength.
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I. INTRODUCTION

With modern angle-resolved photoemission spectroscopy1,2 共ARPES兲 one gets a direct snapshot of the density of
low-energy electronic excited states in the momentumenergy space of two-dimensional 共2D兲 solids.3–6 All the interactions of the electrons which are responsible for the unusual normal and superconducting properties of cuprates are
encapsulated in such pictures, but are still hard to decipher.
One way to take into account these interactions is to consider
electronic excitations as quasiparticles which, compared to
the noninteracting electrons, are characterized by an additional complex self-energy.7 Extraction of the self-energy
from experiment is thus of great importance to check the
validity of the quasiparticle concept and understand the nature of interactions involved, but appears to be problematic
since the underlying band structure of the bare electrons is
a priori unknown.
One can evaluate the interaction parameters taking the
bare band dispersion from band structure calculations,4 however, this unavoidably increases the uncertainty of any conclusions on the strength and nature of the interactions involved. A direct determination of the bare band structure
from experiment would be much more attractive in this
sense. Previously, the bare band dispersion has been assigned
to the high binding energy part of the experimental
dispersion.8 In Refs. 9 and 10 we have discussed that the
bare Fermi velocity estimated from the nodal ARPES spectra
using the Kramers-Kronig 共KK兲 transformation is in reasonable agreement with band structure calculations11,12 and with
an analysis of the anisotropic plasmon dispersion,13 although
it has been pointed out that in order to quantify interaction
parameters such as coupling strength14 or self-energy15 a precise and reliable approach of bare band determination is
needed.
In this paper we introduce an approach to directly extract
both the bare band dispersion and the self-energy functions
1098-0121/2005/71共21兲/214513共11兲/$23.00

from ARPES spectra. We show that the approach is selfconsistent within the highest experimental accuracy available
today. Applying the procedure to the spectra from the underdoped and overdoped Bi共Pb兲-2212 as well as for optimally
doped Bi共La兲-2201, we demonstrate the validity of the quasiparticle concept in cuprates even in the pseudogap state.
II. NODAL SPECTRA ANALYSIS

We start with a brief overview of the basics of the nodal
spectra analysis within the self-energy approach. Measuring
the photoemission intensity as a function of the kinetic energy and in-plane momentum of outgoing electrons I共Ek , k兲
one obtains access to the spectral function of the one electron
removal which is supposed to reflect the quasiparticle properties of the remaining photohole: its effective mass and lifetime. These properties can be expressed in terms of a quasiparticle self-energy ⌺ = ⌺⬘ + i⌺⬙, an analytical function the
real and imaginary parts of which are related by the KK
transformation 共see Sec. 1 of the Appendix兲. Neglecting for
the moment the effects of the energy and momentum resolutions as well as the influence of matrix elements,6 one can
take I ⬀ A共 , k兲, where  is the energy of the remaining photohole with respect to the Fermi level. In turn, the spectral
function can be formulated in terms of the self-energy
A共,k兲 = −

1
⌺ ⬙共  兲
,
 关 − 共k兲 − ⌺⬘共兲兴2 + ⌺⬙共兲2

共1兲

where 共k兲 is the bare band dispersion. Within such a definition, ⌺⬙共兲 ⬍ 0, and ⌺⬘共兲 ⬎ 0 for  ⬍ 0.
A. Linear dispersion

In case there is no interaction, i.e. electronic excitations
can live forever, the spectral function is a delta function with
the pole  − 共k兲 = 0 and, e.g., for the nodal direction, can be
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by mainly one parameter, the high-energy cutoff c. This
gives us the way to solve the whole problem, examining a
wider energy range of the ARPES data.
B. Quadratic dispersion

One more complication should be addressed here: in the
wider energy range a deviation of the bare dispersion from a
line should be taken into account. Along the nodal direction
the TB band in the occupied part can be well approximated
by a simple parabola 共k兲 = 0共1 − k2 / kF2 兲,9 for which we still
need one energy scale parameter: the bottom of the bare band
0 or the bare Fermi velocity vF = −20 / kF. Using this dispersion in Eq. 共1兲, one can finally modify Eqs. 共2兲 and 共3兲 to
⌺ ⬘共  兲 =
FIG. 1. 共Color online.兲 Bare band dispersion 共solid line兲 and
renormalized dispersion 共points兲 on top of the spectral weight of
interacting electrons. Though intended to be general, this sketch
represents the nodal direction of an underdoped Bi-2212.

⌺ ⬙共  兲 = −

vF 2
关k 共兲 − kF2 兴 +  ,
2kF m

vF
2
W共兲冑km
共兲 − W2共兲.
kF

共4兲

共5兲

C. Fitting procedure

represented by the solid line in Fig. 1. When interactions are
present, the self-energy leads to a shifting and broadening of
the noninteracting spectral function. The resulting picture is
essentially that which is measured in ARPES 共the blurred
region in Fig. 1 illustrates this兲. If one neglects the momentum dependence of the self-energy, then, from Eq. 共1兲, the
momentum distribution curves 关MDC共k兲 = A共k兲=const兴 have
maxima at km共兲 determined by  − 共km兲 − ⌺⬘共兲 = 0 for a
given . In other words, ⌺⬘共兲 =  − 共km兲, is that which is
illustrated in Fig. 1 by the double-headed arrow. In the region
where the bare dispersion can be considered as linear 共with a
slope vF兲 one can write

In short, the fitting machinery is based on Eqs. 共4兲, 共5兲,
and 共A1兲. One can define three steps here. In the two first
steps, the real part of the self-energy, for given 0, c, and n
共which characterizes the tails, see below兲, is calculated in
two ways 共i兲 ⌺disp
⬘ by Eq. 共4兲, 共ii兲 ⌺KK
⬘ by Eq. 共5兲 with subsequent KK transform 共A1兲. Then, in step 共iii兲, the parameters 0, c, and n 关see Eq. 共A11兲兴 are varied until ⌺disp
⬘ 共兲
and ⌺KK
⬘ 共兲 coincide. In practice, we fit the difference
⌺disp
⬘ − ⌺KK
⬘ to a small contribution of experimental resolution. The details of the procedure are given in Secs. 3 and 4
of the Appendix.

⌺⬘共兲 =  − vF关km共兲 − kF兴.

III. RESULTS

共2兲

Assuming in addition weak k dependence of ⌺⬙ along a cut
perpendicular to the Fermi surface 共see discussion in Sec. 5
of the Appendix兲, the MDCs exhibit a Lorentzian line shape5
with the half width at half maximum W and
⌺⬙共兲 = − vFW共兲.

共3兲

Thus, the determination of both the real and imaginary
parts of the self-energy requires the knowledge of the bare
dispersion 共k兲 共or, in the vicinity to EF, an “energy scale,”
e.g., Fermi velocity vF兲.9 The KK transformation gives an
additional equation which relates these functions: ⌺⬘
= KK⌺⬙ 关e.g., Eq. 共A1兲兴. This opens the way to extract all
desired quantities from the experiment, but brings a new
“problem of tails.” Under “tails” we mean the behavior of
⌺⬙共兲 for energies 兩兩 ⬎ m, where m is a “confidence
limit,” a maximal experimental binding energy to which both
the W共兲 and km共兲 functions can be confidently determined.
Fortunately, as we show in Sec. 3 of the Appendix, the
different but reasonable tails of ⌺⬙共兲 almost do not effect
the low-energy behavior of ⌺⬘共兲. The influence of the highenergy region on the coupling strength 共A3兲 can be described

We have applied the described procedure to the experimental data measured along the nodal direction for the following samples: underdoped Bi共Pb兲-2212 共Tc = 77 K兲, overdoped 共Tc = 75 K兲 Bi共Pb兲-2212, and optimally doped Bi共La兲2201 共Tc = 32 K兲, marked in the following as UD77, OD75,
and OP32, respectively. The data for UD77 and OD75 were
collected at 130 K, and for OP32 at 40 K. We have explored
a number of excitation energies in the range of 17– 55 eV
but, as we show below, only at 27 eV, at which only the
antibonding band is visible,12 the described procedure can be
directly applied to the bilayer Bi samples. The experimental
details can be found elsewhere.14,15
Figure 2 illustrates an example of the ARPES spectrum,
photocurrent as a function of energy and momentum, taken
for UD77 Bi共Pb兲-2212 at 130 K along the nodal direction.
On top of it, we plot the result of the fitting procedure, the
bare dispersion.
Another result of the procedure is the self-energy functions. They are shown in Fig. 3 for UD77 and in Fig. 4 for
OD75 and OP32. We remind that the real part of the selfenergy is represented by two functions ⌺disp
⬘ and ⌺KK
⬘ , obtained, as it is described above, from the experimental dis-
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FIG. 2. 共Color online.兲 The bare band dispersion along the nodal
direction of an underdoped Bi共Pb兲-2212 共solid parabola兲 on top of
its spectral weight at 130 K measured by ARPES. MDC 共or renormalized兲 dispersion shown by solid white 共red兲 line.

persion by Eq. 共4兲 and from MDC widths with subsequent
KK transform, respectively. The irreducible difference ⌺disp
⬘
− ⌺KK
⬘ and the resolution function R⬘共兲, to which the difference is fitted, are also shown. Consequently, the interaction
parameters which we give below should be referred to the
⌺disp
⬘ functions.
The imaginary part of the self-energy is presented by
⌺width
⬙ 共兲 function defined by Eq. 共5兲. In order to check the
correctness of the KK numerics, we also plot the ⌺KK
⬙ 共兲
function which is obtained by back KK-transform 共A2兲 of
⌺KK
⬘ 共兲.
The complete coincidence of ⌺disp
⬘ and ⌺KK
⬘ − R⬘ functions
in the whole accessible energy range substantiates that the
self-energy constructed using Eqs. 共4兲 and 共5兲 is selfconsistent within the experimental accuracy currently available with ARPES. This self-consistency shows, in addition to
the applicability of the self-energy approach to superconducting cuprates, that the measured spectra belong to a single
band and are free of influence of any unaccounted additional
features such as other bands, superstructures, or k-dependent
backgrounds. It has been shown recently12 that although the
electronic dispersion along the nodal direction in the bilayer
Bi-2212 is not degenerated, i.e., has a finite splitting about
0.05 eV for the bare dispersion, the photoemission from the
bonding band is highly suppressed at exactly 27 eV excitation energy. At other energies we do not expect that the described fitting procedure will work if applied directly. Figure
4共b兲 demonstrates this showing the “best” fitting result that
can be achieved for h = 38 eV. The difference between
⌬⌺⬘共兲 and R⬘共兲 is apparent. At these “inconvenient” energies the contributions of each band should be separated
first, that complicates the analysis but can be done in principle by measuring several spectra at different h or polarization 共e.g., see Ref. 16兲.
In Table I we give the values of the experimental and
calculated parameters for three investigated samples, for
which the self-energy functions are shown in Figs. 3, 4共a兲,
and 4共c兲. The Fermi momentum kF and the renormalized

FIG. 3. 共Color online.兲 Real and imaginary parts of the selfenergy extracted from the experiment with the described procedure.
A complete coincidence between the corresponding parts of the
self-energy calculated from the two different experimental functions, the MDC dispersion and MDC width, demonstrates the full
self-consistency of the ARPES data treated within the self-energy
approach.

Fermi velocity vR are determined experimentally; the energy
of the bottom of the bare band 0, the bare Fermi velocity
vF, and the coupling strength  are the results of the fitting
procedure.
Other fitting parameters, which characterize the highenergy tails of ⌺⬙共兲, are not so well defined as 0 and  for
the reasons we discuss in Secs. 3 and 4 of the Appendix, but
we can state that 兩c兩 ⬇ 兩0兩 / 2. In case of the OD sample, the
parameters c = 0.40± 0.05 eV, n = 4 ± 0.5 are better determined because of a higher confidence limit m = 0.45 eV at
which one can see that ⌺⬙共兲 starts to saturate 共Sec. IV B兲.
IV. DISCUSSION

The presented examples purpose to illustrate the applicability of the self-energy approach to Bi-cuprates. We believe
that the described procedure gives a powerful technique to
purify the ARPES data from artificial features and to build a
strong experimental basis for understanding of the nature of
electronic interactions in cuprates, but still a big work on the
data analysis should be performed. Nevertheless, some conclusions can be made even on this stage.
A. Well-defined quasiparticles

The linear behavior of ⌺⬘共兲 over a wide energy range
兩兩 ⬍ 兩k兩 indicates, using the criterion lim→0 ⌺⬙共兲 /  = 0,
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FIG. 4. 共Color online.兲 Real and imaginary parts of the self-energy extracted from the experiment with the described procedure.

the existence of well-defined quasiparticles in the pseudogap
state: for the underdoped Bi共Pb兲-2212 at 130 K the coherence factor Z = 0.54± 0.03. The offset of ⌺⬙共兲 not only
comes from finite resolution but also finite temperature and
scattering on impurities,17 which are mostly energy

independent15 and do not contribute to the slope of ⌺⬘共兲
and, therefore, to the coherence factor.
In Ref. 10 we have noticed that the scattering rate at room
temperature looks more linear for underdoped samples than
for overdoped ones that is in favor of the marginal Fermi
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TABLE I. Experimental and calculated parameters of the quasiparticle spectral function along the nodal
direction in the normal state for three investigated samples: the Fermi momentum kF and the renormalized
Fermi velocity vR are determined experimentally; the energy of the bottom of the bare band 0, the bare
Fermi velocity vF, and the coupling strength  are the results of the described fitting procedure.
Sample
Bi共Pb兲-2212 UD77
Bi共Pb兲-2212 OD75
Bi共La兲-2201 OP32

kF 共Å−1兲

vR 共eV Å兲

0 共eV兲

vF 共eV Å兲



0.471
0.445
0.47

2.04± 0.05
2.46± 0.07
2.04± 0.10

−0.90± 0.04
−0.86± 0.03
−0.79± 0.05

3.82± 0.17
3.87± 0.14
3.36± 0.22

0.87± 0.12
0.57± 0.10
0.65± 0.16

liquid model 共MFL兲.18 It is important to stress that ⌺⬘共兲,
determined with better accuracy, exhibits a linear behavior
below and above the kink energy k 共see Fig. 2兲 which is
now difficult to reconcile with the MFL model: as far as a
slope in ⌺⬘共兲, according to Eq. 共A4兲, is mainly determined
by the coefficient at 共 − x兲2 term in the expansion of ⌺⬙共兲
around x, the straight sections on ⌺⬘共兲 imply the regions
where ⌺⬙共兲 is precisely parabolic 共exhibits constant curvature over some finite-energy regions兲.

B. High-energy cutoff

It is interesting to note that even for the UD77 sample, for
which the saturation of ⌺⬙共兲 has not been observed, it is not
possible to reconcile the high-energy behavior of ⌺⬙共兲 with
the saturation extreme 共A9兲 关or 共A10兲 with n = 2兴. This means
that 兩⌺⬙共兲兩 reaches the maximum and starts to decrease at
about c, and, consequently, ⌺⬘共兲 changes the sign at approximately the same frequency 共see Fig. 7兲. For OD75 and
OP32 samples this conclusion is even more strict due to
smaller bandwidth. Fig. 5 shows the results for Bi共Pb兲-2212
OD75: 共a兲 ⌺⬘共兲 and ⌺⬙共兲; 共b兲 km共兲 and 共k兲 on top of the
experimentally measured quasiparticle spectral weight.
The fact that c is not equal but roughly two times less
than 兩0兩 is consistent with presence of an essential electronelectron scattering channel, the doping independent Auger
like decay,15 which originates from the electron-electron
Coulomb interaction and which mainly determines the lifetime of quasiparticles at high frequencies.
C. Doping dependence of the renormalization

FIG. 5. 共Color online.兲 The results of the fitting procedure for
Bi共Pb兲-2212 OD75: 共a兲 real 共odd curve兲 and imaginary 共even
curves兲 parts of the self-energy; 共b兲 the experimental 共solid line兲
and bare 共dashed line兲 dispersions on top of the experimentally
measured quasiparticle spectral weight.

Another point arises as a consequence of the tight correlation between ⌺⬘ and ⌺⬙. Recently we have shown15 that
two different channels can be distinguished in the scattering
rate: the doping independent Auger-like decay, mentioned
above, and the doping-dependent channel, which can be
naturally associated with spin excitations. While such a decomposition of the scattering rate into two channels seems to
be becoming commonly accepted,19 there is still a controversy about the origin of the doping-dependent one. The
present analysis shows that regardless of the nature of this
channel, its doping and temperature dependence should appear in the doping and temperature dependence of ⌺⬘ and,
consequently, of the renormalized dispersion, although it is
clear that the variations in the latter should be marginal.
It is really so, and, in Fig. 6, we plot together the real
parts of the self-energy for UD77 and OD75 samples at
130 K. Just from visual comparison of these data one can
conclude that 共i兲 the renormalization for UD77 is considerably higher than for OD75, 共ii兲 the energy of the maximum
of ⌺⬘共兲 for the overdoped sample is lower than for the
underdoped sample, it is about two times closer to the
70 meV “kink” energy, 共iii兲 the kink feature is well defined
in the underdoped case and becomes weaker with overdoping.
Following this tendency one can expect that with overdoping the 70 meV kink vanishes while the renormalization
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FIG. 6. 共Color online.兲 The real parts of the
self-energy for UD77 and OD75 samples at
130 K: solid lines show the result of fitting these
real parts to Eq. 共6兲 in a frequency range
0.17 eV⬍  ⬍ 0 for UD77 and 0.12 eV⬍  ⬍ 0
for OD75; looking down arrows mark ⌺⬘共兲
maxima; the dashed line denotes the 70 meV
“kink” energy.

maximum moves to lower frequencies faking a persistence
of the kink in the whole doping range. Therefore, it is clear
that in order to clarify the origin of the kink feature a quantitative measure of it is required.
D. Phenomenology of the kink

Keeping the visual definition of the kink as a sharp bend
of the renormalized dispersion, we formalize it as a peak in
the second derivative of ⌺⬘共兲 and fitted it to a simple empirical function

⬘ 共兲 = −  −
⌺low

冉

⌬
共  −  k兲


⫻ arctan

k

␦

+ arctan

 − k

␦

冊

ACKNOWLEDGMENTS

,

共6兲

which gives a squared Lorentzian in a second derivative
K共兲 = −

direction even in the pseudogap state of Bi-2212.
The demonstrated self-consistency of the procedure opens
a way to validate the photoemission spectra: the KK sieve
can be used to verify the spectra for the absence of the band
splitting or artificial features. The preliminary analysis of the
spectra certified in such a way shows that the overall renormalization as well as kink in the nodal direction of Bi-based
cuprates is highly doping dependent, decreasing with overdoping. In the light of the present dilemma about the origin
of the main scattering boson in the cuprates, a systematic
quantitative analysis of the KK verified spectra measured at
different temperature and doping level is indispensable.

⬘ 共兲 2
d2⌺low
␦3⌬
=
.
2
2
d
 关 ␦ + 共  −  k兲 2兴 2

共7兲

Fitting ⌺⬘共兲 of the underdoped sample in 兩兩 ⬍ 170 meV
energy range to this formula we have obtained an energy
of the kink k ⬇ −63 meV, a kink width 关half width at
quarter maximum of K共兲兴 ␦ ⬇ 30 meV, and a strength
of the kink 兰Kd = ⌬ ⬇ 0.65. For the overdoped sample
k ⬇ −56 meV, ⌬ ⬇ 0.45. We believe that a systematic
study of this or similar quantitaties as a function of doping
and temperature will help to find the origin of the main electronic interaction in superconducting cuprates.
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APPENDIX
1. Kramers-Kronig transformation

The quasiparticle self-energy ⌺ = ⌺⬘ + i⌺⬙ in Eq. 共1兲 is an
analytical function the real and imaginary parts of which are
related by the Kramers-Kronig 共KK兲 transformation20
⌺ ⬘共  兲 =

V. CONCLUSIONS

We have demonstrated the full self-consistency of the data
obtained using angle resolved photoemission and treated
within the self-energy approach. The extracted bare band dispersion is in good agreement with the band structure calculations and allows one to quantify the self-energy of the electronic excitations in the real energy scale. The accurately
determined real and imaginary parts of the self-energy prove
the existence of well defined quasiparticles along the nodal

1
PV


⌺ ⬙共  兲 = −

冕

1
PV


⬁

−⬁

冕

⌺⬙共x兲
dx,
x−

⬁

−⬁

⌺⬙共x兲
dx,
x−

共A1兲

共A2兲

where PV denotes the Cauchy principal value. It is instructive to express some interaction parameters via both selfenergy functions. The coupling strength
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FIG. 7. 共Color online.兲 Real 共thin blue兲 and imaginary 共thick red兲 parts of the self-energy related by Kramers-Kronig 共KK兲 transform:
⌺⬘ = KK⌺⬙, for three models of ⌺⬙ tails.

=−

冉 冊
d⌺⬘
d

=0

共A3兲

can be expressed in terms of ⌺⬙ differentiating the KK relation 共A1兲:
d⌺⬘共兲 1
= PV
d


冕

⬁

−⬁

⌺⬙共x兲 − ⌺⬙共兲
dx.
共x − 兲2

共A4兲

Here we use the fact that adding some constant to ⌺⬙共x兲 in
Eq. 共A1兲 does not change the result. Then, for an even
⌺⬙共兲, Eq. 共A4兲 leads to
=

−2
PV


冕

⬁

0

⌺⬙共兲 − ⌺⬙共0兲
d .
2

共A5兲

再

␣2 + C for 兩兩 ⬍ c ,
for 兩兩 ⬎ c ,
0

冎

共A7兲

where c ⬎ 0 is an energy cutoff and C ⬅ −⌺⬙共0兲 ⬎ 0 is an
offset, Eq. 共A5兲 gives
=

冉

冊

2
2
C
␣c −
⬇ ␣c

c


共A8兲

for C Ⰶ c. Using another ultimate model for ⌺⬙ tails,
⌺ ⬙共  兲 = −

再

␣2 + C for 兩兩 ⬍ c ,
␣2c + C for 兩兩 ⬎ c ,

冎

共A9兲

which approximates the saturation of scattering rate at high
frequencies, one obtains  = 4␣c / , twice of Eq. 共A8兲. In
the following sections we show how we solve this problem.
3. Calculation of ⌺⬘KK

2. Problem of tails

In order to illustrate the problem, we rewrite Eq. 共A5兲 in
an operator form  = −D⌺⬙ and express the parameters of the
bare dispersion and renormalization via the experimental values of vR = 共dkm / d兲−1=0 and DW: e.g., vF−1 = vR−1 − DW, or 
= 1 / Z − 1, where
Z = 1 − vRDW

⌺ ⬙共  兲 = −

共A6兲

is the coherence factor 共0 ⬍ Z ⬍ 1兲. In case the MDC width
W共兲 decays to zero or saturates on the scale covered by
experiment, as it is expected for the scattering by phonons,21
the DW value can be easily defined, and all the mentioned
parameters can be derived from experimental value of vR and
W共兲 function. In cuprates, however, W共兲, along the nodal
direction, does not decrease or even saturate in the whole
experimentally accessible energy region 共up to m = 0.5 eV兲.
Equation 共A5兲 can give a certain feeling how the highenergy tails of the scattering rate ⌺⬙共兲 for 兩兩 ⬎ m influences . For example, for a simple case

In order to perform a KK transform, high-energy tails
should be attached to ⌺⬙共兲 derived from Eq. 共5兲. Equations
共A7兲 and 共A9兲 represent two extremes which can be enclosed
in a simple analytical expression

⬙ 共兲 = −
⌺mod

␣2 + C
,
 n
1+
c

冏 冏

共A10兲

as the ultimate cases with n → ⬁ and n = 2, respectively. For
given n and c, we construct ⌺⬙共兲 function in a wide frequency range 共up to 兩0兩 or higher兲 assuming the particlehole symmetry
⌺ ⬙共  兲 =

再

⬙ 共兩兩兲 for 兩兩 ⬍ m ,
⌺width
⬙ 共兲
⌺mod

for 兩兩 ⬎ m ,

冎

共A11兲

where m is a “confidence limit,” a maximal experimental
binding energy to which both the W共兲 and km共兲 functions
can be confidently determined, ⌺width
⬙ 共兲 is calculated from
Eqs. 共5兲 for given 0, and ⌺mod
⬙ 共兲 is fitted to ⌺width
⬙ 共兲 in the
confidence range in order to define ␣ and C. Then, ⌺KK
⬘ 共兲 is
obtained from ⌺⬙共兲 by KK transform 共A1兲.
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FIG. 8. 共Color online.兲 Illustration of the fitting procedure: real parts of the self-energy ⌺disp
⬘ 共兲 共filled squares兲 obtained by 共4兲 and
⌺KK
⬘ 共兲 共open circles兲 by Eqs. 共5兲 and 共A1兲; the difference ⌬⌺⬘共兲 = ⌺KK
⬘ 共兲 − ⌺disp
⬘ 共兲 共small crosses兲 is fitted to R⬘共兲 共corresponding solid
line兲, the contribution of overall resolution determined by Eqs. 共A12兲 and 共A13兲. In the first three panels 0 = −0.9 but different n = 3, 4, and
6 in Eq. 共A10兲 are compensated by different c = 0.34, 0.45, and 0.52 eV, respectively. The last two panels, the “best” fitting results for
slightly different 0’s.
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FIG. 9. 共Color online.兲 Possible particle-hole
asymmetry effect on ⌺⬙共兲 共red/thick lines兲 and
⌺⬘共兲 共blue/thin lines兲: low-energy 共dashed lines,
c = 0.1 eV兲 and high-energy 关solid lines, by Eq.
共A14兲兴 contributions shown on the top of the
symmetric self-energy 共shaded areas兲.

Figure 7 shows the pairs of ⌺⬙共兲 and ⌺⬘共兲 functions
obtained in such a way for the same 0 but for three different
models: Eqs. 共A7兲, 共A9兲, and 共A10兲 with n = 4 共dashed, dotted, and solid lines, respectively兲. Since KKC = 0, in order to
simplify numerical calculation, the offset of ⌺⬙共兲 curves is
set to ⌺⬙共0兲 = 0. The experimental data are taken for UD77
sample.
4. Resolution function

In step 共iii兲, as we mentioned above, the difference
⌬⌺⬘共兲 = ⌺KK
⬘ 共兲 − ⌺disp
⬘ 共兲 should be fitted not to zero but to
some small but detectable contribution of the overall resolution R⬘共兲. This difference can be easily understood by reasoning that finite energy and angular resolutions mainly effect the MDC’s width rather than its peak position and that
its contribution is frequency dependent. In order to illustrate
this we can take into account the overall resolution, R, as
⌺width
⬙ 共兲 = 冑⌺⬙共兲2 + R2. Then one can consider its
frequency-dependent contribution to the imaginary part of
⌺共兲 as the difference between ⌺width
⬙ 共兲 and real ⌺⬙共兲:
R⬙共兲 = 冑R2 + ⌺⬙共兲2 − ⌺⬙共兲,

共A12兲

and, due to additivity of the KK transform, ⌺KK
⬘ = KK⌺width
⬙
= KK⌺⬙ + KKR⬙ = ⌺disp
⬘ + R⬘, construct -dependent contribution to ⌺KK
⬘ as
R⬘共兲 = KKR⬙共兲.

共A13兲

Although, in principle, the resolution effect R⬘共兲 can be
explicitely calculated from known energy and momentum
resolutions, here we derive it empirically using R as a parameter. It is seen from Fig. 7 that different tails do not affect
the energy region 兩兩 ⬍ 0.25 eV, so, an irreducible difference
in the slopes 共see Fig. 8兲 ⌬ = d⌺KK
⬘ 共兲 / d − d⌺disp
⬘ 共兲 / d
⬎ 0 in the low-energy range 兩兩 ⬍ 0.07 eV 共while ⌬ = 0 at
higher energies 0.1 eV⬍ 兩兩 ⬍ 0.2 eV兲 is a measure of R⬘共兲.
In Fig. 8 we plot R⬘共兲 setting the offset of ⌺⬙共兲 to zero
that gives the value of R = 0.015 eV. For ⌺⬙共0兲 ⬍ 0 the pro-

cedure gives larger R values to accommodate the difference
in slopes but this does not affect the fact that the irreducible
difference between ⌺KK
⬘ 共兲 and ⌺disp
⬘ 共兲 is caused by the
experimental resolution, and depends on frequency as is
shown in Fig. 8: it vanishes at zero and high frequencies
having a maximum around 0.1 eV.
Thus, we can visualize the fitting procedure as fitting the
difference ⌬⌺⬘共兲 to R⬘共兲 function. The procedure has appeared to be robust with respect to the 0 determination.
Figure 8 illustrates this. First three panels show that for a
correct value of 0 = −0.9 eV there is space for other parameters to vary: different tails can be compensated by different
c’s, e.g., for n = 3, 4, and 6 in Eq. 共A10兲, c = 0.34, 0.45, and
0.52 eV, respectively. On the other hand, at slightly different
0’s 共about 10% lower and higher, see two right panels兲,
⌬⌺⬘共兲 cannot be fitted to R⬘共兲 in the whole frequency
range.
5. Model assumptions

Finally, we discuss two assumptions which have been
made about the model self-energy: k-independence and
particle-hole symmetry. It has been mentioned above that the
symmetric Lorentzian line shape of the MDC’s taken along
the nodal direction was considered as an experimental evidence that the quasiparticle self-energy hardly depends on
momentum.5 Recently, however, it has been noticed that the
necessary condition for the Lorentzian line shape is
⌺⬙共k , 兲 / k = 0, but ⌺⬘ / k can be an -independent
constant.22 This is especially interesting because the authors
of Ref. 22 have shown that such a linear k-dependence of ⌺⬘
can explain a nontrivial doping-dependent high-energy dispersion observed for a variety of cuprates.23
As long as ⌺⬘共k , 兲 = ⌺⬘k 共k兲 + ⌺⬘ 共兲 and ⌺⬙ / k = 0, k
dependence of ⌺⬘ does not affect any result of the presented
analysis except the bare dispersion. In this case, the real
bare dispersion is just real共k兲 = 共k兲 − ⌺k⬘共k兲 or vFreal = vF
− 共⌺⬘ / k兲k=kF. Although our preliminary results, being in
agreement with band structure calculations12 and experimen-
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tal plasmon dispersion,13 do not support strong k dependence
of ⌺⬘, it will be interesting to examine its possible contribution in a wide doping range and for different compounds.
A possible particle-hole asymmetry is another complication which can effect the results of the presented analysis. In
general, one can expect an asymmetry of the self-energy due
to an asymmetric electron-boson interaction or as a simple
consequence of asymmetric density of states. Without considering the origin of the asymmetry, we examine its possible
influence based on the energy scale where it can appear. It is
well known that because of the possibility to perform
ARPES at finite temperature one can get the information
about quasiparticle spectral weight not only below the
chemical potential but also from some region above.24 For
T = 300 K the MDC width can be measured up to 50 meV
above EF, and, within the experimental uncertainty, it has
appeared to be completely symmetric 共e.g., see Ref. 15兲. This
means that if there is some asymmetry in the scattering rate
at low-energy scale 共⬃0.1 eV, a characteristic scale which
can originate from an electron-boson interaction or from the
van Hove singularity in the occupied density of states of the
hole-doped cuprates兲, its magnitude is too small to be seen in
the 兩兩 ⬍ 50 meV energy range and, consequently, hardly effects the quasiparticle renormalization in the occupied region
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