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Using V. S. Urusov’s crystal-energy theory of isomorphous miscibility, 
the mixing energies (interaction parameters), critical decomposition (sta-
bility) temperatures, and limits of isomorphous substitutions are calculat-
ed, as well as the thermodynamic stability regions of zircon-type ortho-
phosphate solid solutions with the composition Y1xLnxPO4, where Ln—
lanthanides or Sc. The contributions to the mixing energy arising from 
differences in the sizes of the substitutional structural units and from 
differences in the nature of the chemical bonding of the system compo-
nents are characterized. A thermodynamic-stability diagram of solid solu-
tions and the corresponding decomposition domes are presented, enabling 
graphical prediction of the decomposition temperatures of solid solutions 
for given substitution limits, or the equilibrium substitution limits for a 
given temperature and thermodynamic-stability region. The results do not 
contradict the experimental data reported in the literature. They may be 
helpful in the search for compositions of mixed matrices and activators 
for new luminescent, laser, and other materials based on Y1xLnxPO4 
(LnGd–Lu, Sc) solid solutions, including nanomaterials. 
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Подано діяграму термодинамічної стабільности твердих розчинів і ку-
поли їхнього розпаду, що дає змогу графічно прогнозувати температури 
розпаду твердих розчинів за заданими границями заміщення або рівно-
важні границі заміщення за заданої температури та області термодина-
мічної стабільности. Результати роботи не суперечать експерименталь-
ним літературним даним і можуть бути корисними під час пошуку 
складів змішаних матриць та активаторів нових люмінесцентних, ла-
зерних та інших матеріялів на основі твердих розчинів Y1xLnxPO4 
(LnGd–Lu, Sc), у тому числі й наноматеріялів. 

Key words: solid solutions, lanthanides, yttrium, scandium, orthophos-
phates, isomorphous substitutions, mixing energy, thermodynamic stabil-
ity, substitution limits. 
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1. INTRODUCTION 

Solid solutions based on rare-earth element (REE) orthophosphates 
are promising materials with excellent luminescent properties and 
high thermal and radiation stability. They are used as scintillation 
detectors, phosphors for radiography and plasma panels, materials 
for radioactive waste storage [1], laser media, protective coatings, 
cements, high-temperature ion exchangers [2], light-emitting di-
odes, solar panels, thermal barrier coatings, and in optical ther-
mometry [3]. 
 In addition, in recent years, REE orthophosphate-based nano-
materials have begun to find medical applications. Nanocrystals of 
yttrium orthophosphate (YPO4) doped with Dy3 ions at various con-
centrations are considered promising for use in laser-induced hyper-
thermia of cancerous tumours. The local temperature of nanoparti-
cle powders increases linearly with increasing laser power and Dy3 
concentration, enabling high heating and cooling rates. This allows 
for precise control of the exposure time and minimal doses of laser 
irradiation on patients [4]. 
 UV phosphors emitting in the 200–280 nm range are of particu-
lar interest for medical applications due to their pronounced bacte-
ricidal properties, resulting from the coincidence of their emission 
wavelengths with the range of maximum DNA sensitivity of micro-
organisms to UV irradiation. Moreover, ultraviolet radiation effec-
tively destroys surface cancer cells without damaging deeper tissues 
[5]. REE orthophosphates are also employed in drug delivery sys-
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tems and as fluorescent labels for visualizing biomolecules and cel-
lular structures [6]. 
 Initially, materials based on individual orthophosphates were 
used. Later, it was found that ‘double’ orthophosphates containing 
two or more rare-earth elements (REEs) in the host lattice are more 
effective. For example, very high intensity under ultraviolet excita-
tion was observed for the solid solution Gd0.5Y0.5PO4:Tb3, which ex-
hibits a twofold increase in luminescence intensity compared to 
YPO4:Tb3 [6]. 
 The choice of yttrium orthophosphate as one of the components 
in the Y1xLnxPO4 systems is because, along with gadolinium and 
lutetium compounds, it is most commonly used as a host matrix for 
mixed orthophosphates. In addition, it is isostructural with the or-
thophosphates of REEs, and the crystal ionic radius of yttrium 
(1.159 Å) differs only slightly from the radii of other REE ions 
(from 1.193 Å for Gd3+ to 1.117 Å for Lu3) [7]. Therefore, a con-
tinuous series of solid solutions between the components is possible 
in most of the previously described systems (see, e.g., Refs. [1–3, 5, 
6, 8–11]). In some works (e.g., Refs. [4, 12, 13]), only individual 
fragments of continuous solid solution series were synthesized, as 
substitution limits were not reported. 
 At the same time, to the best of our knowledge, there is no liter-
ature data on Y1xLnxPO4 systems (LnGd–Lu, and Sc) with limited 
solid solution series. However, it is known [14–16] that, in general, 
continuous solid solution series should decompose upon cooling 
samples synthesized at high temperatures, forming limited composi-
tion ranges based on the system components. 
 The choice of YPO4-based systems for the present study was also 
motivated by the absence of intrinsic luminescence in YPO4 crystals 
down to 5 K [17]. 
 Considering the above, before synthesizing solid solutions and 
studying the ‘composition–property’ relationships, it is desirable to 
know the limits of isomorphous substitutions and their thermody-
namic stability under synthesis, intended use, and even storage 
conditions. Knowledge of the thermodynamic stability regions of 
solid solutions is essential for controlling their properties and en-
suring their reproducibility over time and under varying tempera-
tures. 
 Experimental determination of substitution limits and stability 
regions of solid solutions synthesized by the ‘annealing and quench-
ing’ method using x-ray diffraction analysis (XRD) is complicated 
by the difficulty of achieving equilibrium at low temperatures due 
to the low diffusion rate in the solid phase, as well as by the possi-
bility of partial decomposition upon cooling from high tempera-
tures. 
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 In addition, XRD may be of limited informativeness when the 
components are isostructural with very close sizes of the substitut-
ing structural units, as in the case of the Y1xDyxPO4 system [4], in 
the case of spinodal decomposition of the solid solution [14–16], or 
when the studied samples are of nanoscale size, due to broadening 
and overlapping of x-ray reflections. 
 A lack of data on the limits of isomorphous substitutions and the 
stability regions of solid solutions forces researchers to select ma-
trix and dopant compositions either by analogy with closely related 
systems or through a ‘trial and error’ approach. Such a method is 
often accompanied by excessive consumption of costly reagents and 
a significant increase in the time required for research. In this re-
gard, it is advisable to use experimental methods and computational 
approaches that allow for a preliminary assessment of the stability 
of solid solutions and the substitution ranges, thus avoiding the 
mentioned limitations. 
 An example of such a rational approach can be found in studies 
[3, 5], where, in selecting the synthesis conditions for compounds in 
the Y1хScхPO4 system, the authors used calculation results for this 
system presented in Ref. [18]. 
 It should be noted that nanoscale orthophosphates exhibit en-
hanced practically relevant properties due to their larger specific 
surface area. This is related to the fact that structural units located 
at the surface differ in coordination numbers from those inside the 
bulk, and this difference becomes more pronounced as the particle 
size decreases, leading to modifications of the material properties. 
As reported in Ref. [19], the conventional concepts of surface ener-
gy developed for macroparticles remain applicable to nanoparticles 
larger than 10 nm. 
 At the same time, it is known that in nanocrystalline materials 
with particle diameters above 6 nm, the volume of the surface layer 
remains smaller than that of the crystal interior [20]. Furthermore, 
according to Ref. [20], the structural characteristics of solid solu-
tions do not depend on the particle size, at least within the range of 
6-to-40–80 nm. 
 Based on the above considerations, the present work aimed to 
predict the thermodynamic stability and the limits of isomorphous 
substitutions in zircon-type orthophosphates of the composition 
Y1xLnxPO4, where LnGd–Lu, Sc. In this study, the calculated 
mixing energies (Qmix), substitution limits (x), and critical decompo-
sition temperatures (Tcr), obtained regarding the key energetic con-
tributions (size-related, QR, and bond-ionicity contribution, Q), 
provide a framework both for assessing the stability of Y1xLnxPO4, 
including their nanoscale forms, and for selecting the optimal con-
ditions for their synthesis. 
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2. INITIAL DATA AND CALCULATION METHOD 

Within the Urusov’s crystal-energy theory of isomorphous substitu-
tions, the main challenge in determining the limits of isomorphous 
substitutions is finding the mixing energy. In the quasi-chemical 
approach, this corresponds to the interchange energy, and in the 
theory of subregular solid solutions, it corresponds to the interac-
tion parameter [14–16]. Within the approximation of regular solid 
solutions, the critical (maximum) decomposition temperatures Tcr 
are calculated using Eq. (1) [14]: 

 ТcrQmix/(2kBN), (1) 

where Qmix is the mixing energy, kB is the Boltzmann’s constant, 
and N is Avogadro’s number. 
 In the considered systems, the relative differences in interatomic 
distances ‘cation–tetrahedral anion’ are significantly less than 0.1 
(ranging from 0.0003 to 0.0411; Table 1). Therefore, according to 
Ref. [14], the calculation of solid-solution decomposition tempera-
tures can be performed in the regular-solution approximation using 

TABLE 1. Selected initial data, calculated mixing energies, and critical de-
composition temperatures of solid solutions Y1xLnxPO4, LnGd–Lu, and Sc. 
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Gd 3.561 0.0177 4.250 1.386 2.314 0.712 0.010 0.618 4.868 291 

Tb 3.537 0.0108 1.582 1.410 2.290 0.708 0.014 1.212 2.794 167 

Dy 3.526 0.0077 0.804 1.426 2.274 0.705 0.017 1.787 2.591 155 

Ho 3.512 0.0037 0.186 1.433 2.267 0.703 0.019 2.233 2.419 144 

Er 3.498 0.0003 0.001 1.438 2.262 0.702 0.020 2.474 2.475 148 

Tm 3.490 0.0026 0.092 1.455 2.245 0.695 0.027 4.521 4.613 275 

Yb 3.480 0.0054 0.395 1.479 2.221 0.692 0.030 5.597 5.992 358 

Lu 3.467 0.0092 1.148 1.431 2.269 0.704 0.018 2.023 3.171 189 

Sc 3.361 0.0411 22.869 1.415 2.285 0.707 0.015 1.449 24.318 1452 

Y 3.499 — — 1.340 2.360 0.722 — — — — 
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Becker’s equation (Eq. (2)) [21]: 
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where x is the mole fraction of the dissolved component, Rg is the 
universal gas constant, and Td is the solid-solution decomposition 
temperature. In both equations, Rg and Qmix are expressed in calo-
ries [14]. 
 Since the system components are isostructural, the mixing energy 
Qmix was calculated using Urusov’s equation (Eq. (3)), representing 
it as the sum of two contributions caused by differences in the de-
gree of ionicity of the chemical bond in the system components (Q) 
and the sizes of the substituting structural units (QR) [14–16]: 
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where m2—the number of different structural units in the system 
components in the pseudo-binary approximation of the zircon struc-
ture; zmzx3—the charge magnitudes of the substituting and 
common structural units in the components; 1.723—the reduced 
Madelung’s constant calculated using Templeton’s formula [22]; 
C113 kJ—an empirical value depending on compressibility and 
other crystal characteristics taken from Ref. [14]; n6—the co-
ordination number of the substituting structural unit in the pseudo-
binary approximation of the structure; R—interatomic distances 
‘cation–tetrahedral anion’ Ln–PO4 in the system components taken 
from Ref. [23]; R and R/R1—the difference and relative differ-
ence of interatomic distances ‘cation–tetrahedral anion’; R1—the 
interatomic distance in the system component with the smaller cati-
on radius; —the difference in the degree of ionicity of the chemi-
cal bond in the system components. 
 The degrees of ionicity  of the chemical bonds in the REE phos-
phate systems were determined based on the difference in electro-
negativities (Ln3) of the cations [24] and the PO4

3 anion. The 
electronegativity of the PO4

3 anion was taken as 3.7 according to 
Batsanov [25]. 

3. RESULTS OF CALCULATIONS AND DISCUSSION 

3.1. Mixing Energies of Solid Solutions 

Some initial data and calculation results of the contributions QR, 
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caused by differences in the sizes of substituting structural units in 
the system components, to the total mixing energy Qmix, are pre-
sented in Table 1 and Fig. 1, a. 
 As seen from the presented data, with increasing REE atomic 
number, the contributions QR, caused by differences in the sizes of 
substituting structural units, change smoothly. They decrease sig-
nificantly from 4.250 to 0.001 kJ/mole along the series of solid so-
lutions from Y1xGdxPO4 to Y1xErxPO4 and then increase to 1.148 
kJ/mole in the series from Y1xErxPO4 to Y1xLuxPO4. 
 In the case of the Y1xScxPO4 system, the contribution QR is sig-
nificantly larger (22.869 kJ/mole) because the crystal ionic radius 
of scandium is much smaller than those for the REEs [7], resulting 
in a larger size parameter R/R1 for Y1xScxPO4, accordingly. 
 The smooth (regular) variation of QR values is apparently because 
the size parameter R/R1 was calculated based on sufficiently accu-
rate interatomic distances. The minimal values of QR in the middle 
of the dependence result from minimal differences in interatomic 
distances between the orthophosphate ions Y3 (3.499 Å) and Ho3 
(3.512 Å), Er3 (3.498 Å), and Tm3 (3.490 Å). 
 The contributions caused by differences in the degree of ionicity 
of the chemical bond in the system components, Q, to the total 
mixing energies Qmix increase with the atomic number of the rare-
earth element (REE) from Gd to Yb, rising from 0.618 to 5.597 
kJ/mole, and then sharply decrease to 2.023 kJ/mole in the case of 
lutetium orthophosphate (Table 1, Fig. 1, b). This behaviour is due 

 

Fig. 1. Dependences of the contributions QR (curve a) and Q (curve b) to 
the total mixing energies Qmix (curve c) of solid solutions Y1xLnxPO4, 
LnGd–Lu, Sc, on the atomic numbers of the rare-earth elements. 
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to symbiotic changes both in the differences in ionicity degrees of 
the chemical bonds among the system components and in the elec-
tronegativities of the REEs. 
 The latter is explained by the fact that in the REE series, when 
moving from Tb to Yb, one electron is added to the 4f-sublevel of 
the REE with each step. In contrast, the transition from Yb to Lu 
does not add an electron to the 4f-sublevel but instead places it in 
the 5d-sublevel. 
 Overall, for REE orthophosphates from Dy to Lu, the total mix-
ing energy Qmix is mainly determined by contributions associated 
with differences in the degree of ionicity of the chemical bond Q, 
while for Gd and Tb orthophosphates, the contributions due to dif-
ferences in the sizes of substituting structural units QR dominate. 

3.2. Substitution Limits and Thermodynamic Stability Regions 

The decomposition temperatures Td for limited solid-solution series 
were calculated using Eq. (2) for given substitution limits: x0.01, 
0.03, 0.09, and 0.20 (Table 2). Based on the calculated decomposi-
tion temperatures (Td) and critical decomposition temperatures (Tcr), 
their dependences on the atomic numbers of the REEs were plotted 
(Fig. 2). 
 These dependencies allow graphical determination, for limited 
solid solution series, of the equilibrium substitution limits x at giv-
en decomposition temperatures, or the decomposition temperatures 
at given substitution limits, for the orthophosphate systems rang-
ing from Gd to Lu. 
 The intersection points of an isotherm drawn at the given decom-
position temperature with a vertical line drawn from the REE atom-
ic number enable estimating the composition interval within which 
the substitution limit lies. Interpolation along this vertical segment 
between the two closest curves then gives the substitution limit it-
self [26, 27]. The substitution limit can be refined by constructing, 
for a specific system, the dependence of the calculated decomposi-
tion temperatures (from Becker’s equation) on the given composi-
tion, i.e., by plotting the decomposition domes. 
 The calculated critical decomposition temperatures of the contin-
uous solid solution series for the systems under consideration (Table 
1, Fig. 2, e) are of 144–358 K for REEs orthophosphates and 1452 
K for scandium orthophosphate. These values allow one to deter-
mine the temperature range for a continuous solid solution series. 
Thus, at TTcr (curve e), the unlimited solid solutions are thermo-
dynamically stable over the entire concentration range 0x 1. At 
TTcr, the unlimited solid solutions are unstable and may decom-
pose into phases with limited solubility, if the diffusion rate and 
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time are sufficient for their formation. 
 It should be noted that the solid solutions in the Y1xLnxPO4 sys-
tems have very low critical decomposition temperatures, with most 
of them even below room temperature. Consequently, they will re-
main stable over a wide temperature range from the critical tem-
peratures up to the melting points of the system components, which 
exceed 2400 K [28]. This fact may indicate an advantage of materi-
als based on continuous solid-solution series of yttrium orthophos-

TABLE 2. Decomposition temperatures (Td [K]) of limited solid-solution 
series in the Y1xLnxPO4 systems for substitution limits: x0.01, 0.03, 
0.09, and 0.20. 

Ln 
Decomposition temperatures Td [K] for substitution limit x 

0.01 0.03 0.09 0.20 

Gd 124 157 206 251 

Tb 71 90 119 144 

Dy 66 84 110 134 

Ho 62 78 102 125 

Er 53 80 105 128 

Tm 117 149 195 238 

Yb 153 193 254 310 

Lu 81 102 134 164 

 

Fig. 2. Dependences of the calculated decomposition temperatures of solid 
solutions in the Y1xLnxPO4 system on the REE numbers (thermodynamic 
stability diagram) for substitution limits x0.01 (a), x0.03 (b), x0.09 
(c), x0.20 (d), and x0.50 (e). 
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phate with the composition Y1xLnxPO4 in terms of property stabil-
ity and reproducibility compared to similar materials based on solid 
solutions of other orthophosphates, such as scandium orthophos-
phate Sc1xLnxPO4, whose critical temperatures range from 810 to 
2880 K [18]. Moreover, materials based on continuous solid-solution 
series of the Y1xLnxPO4 system may find preferential use in the 
production of nanomaterials by the sol–gel or low-temperature hy-
drothermal method, since nanomaterials are usually synthesized at 
low temperatures. 
 For all Y1xLnxPO4 systems, where LnGd–Lu, and Sc, the de-
composition temperatures were calculated in the composition range 
1.0x 0 with a step of x0.05, and decomposition domes were 
plotted (Figs. 3, 4). From these data, with greater accuracy than in 
Fig. 2, one can graphically determine the decomposition tempera-
ture for a given substitution limit, the substitution limit for a giv-
en temperature, and the regions of thermodynamic stability of the 
solid solutions. Above the peaks of the decomposition domes, con-
tinuous solid-solution series will be stable; below the peaks but 
above the dome lines, two limited solubility regions will exist; below 

 

Fig. 3. Decomposition domes of solid solutions in the Y1xLnxPO4 systems: 
(a) LnGd, Tb, Er; (b) LnHo, Tm, Lu; (c) LnDy, Yb. 
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the dome lines, mixtures of two solid solutions based on each com-
ponent of the systems will be present. 

4. COMPARISON OF CALCULATION RESULTS 
WITH LITERATURE DATA 

Since the size parameters R/R1 for the substitution of yttrium by 
scandium (Table 1), or scandium by yttrium [18], are less than 0.1 
and equal, the solid solutions in the Y1xScxPO4 [3, 5] and ScxY1xPO4 
[11] systems can be considered within the regular solution approxi-
mation [14], and the calculated critical decomposition temperatures 
for both solid solutions will be practically identical. 
 To our knowledge, there is no literature on the critical decompo-
sition temperatures, thermodynamic stability, or substitution limits 
for the Y1xLnxPO4 solid solution systems with limited component 
solubility. Of course, this complicates the assessment of the reliabil-
ity of the performed calculations. 
 However, there are reports on the synthesis temperatures of spe-
cific solid-solution compositions (Table 3). As seen from the data in 
Table 3, in most of the cited works (12 out of 13), the synthesis 
temperatures exceed the calculated critical decomposition tempera-
tures, above which a continuous series of solid solutions exists in 
these systems. This indicates that the calculation results do not 
contradict the experimental literature data in the sense that synthe-

 

Fig. 4. Decomposition dome of the Y1xScxPO4 solid solution (■ ) and exper-
imental data on synthesis temperatures for samples at 1233 K [3] and 
1723 K [3, 5] (single-phase  and multiphase ●  samples). 
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sis was carried out within the thermodynamic-stability regions of 
solid solutions predicted by us. 

TABLE 3. Comparison of calculated Tcr results with synthesis tempera-
tures from experimental studies*. 

Composition, Ref. х or % 
Synthesis  
method 

Synthesis tem-
perature, K 

Tcr, K 

Y1xLuxPO4 [2] 
0.0, 0.25, 
0.50, 0.75, 

1.00 

Precipitation 
from aqueous 

solutions 
293–383; 773 189 

Y1xScxPO4:0.5 mol.% 
Eu3 [3] 

0, 0.2, 0.4, 
0.5, 0.6, 0.8, 

1,0 

Sol–gel method 
annealing 

12331723 1452 

Y1xDyxPO4 [4] 
0.01, 0.05, 

0.475 

Sol–gel method 
with microwave–

hydrothermal 
(MW–HT) 
treatment 

473 155 

Y1xScxPO4 [5] 

0, 0.01, 0.05, 
0.10, 0.2, 

0.4, 0.5, 0.6, 
0.8, 1.0 

Solid-
state method 

1723 1452 

(GdxY1x)1–yPO4:yTb3 
(y 0 or 0.15) [6] 

0, 0.25, 0.5, 
1.0 

Solvothermal 
method 

4331023 
1273 

291 

Y0.95(1x)Yb0.95xEr0.05PO4 
[8] 

0, 0.3, 0.5, 
0.7, 1.0 

MW–HT 473 358 

Y1xYbxPO4 [9] 0х1 
Solid-state meth-

od 
1473 358 

YPO4 doped with Tm3 
(0.1, 0.3, 0.5, 1 
mol.%)/Yb3+ (10 

mol.%) [10] 

0.001, 0.003, 
0.005, 0.01 
(for Tm3+); 
0.10 (for 

Yb3+) 

Co-precipitation 
from aqueous 

solution followed 
by annealing 

333, 1073 

275 (for 
Tm3+); 

358 (for 
Yb3+) 

ScxY1xPO4:0.5 мол.% 
Eu3+ [11] 

0, 0.2, 0.4, 
0.5, 0.6, 0.8, 

or 1.0 

Sol–gel meth-
odannealing 

1373 1450 

Y1xDyxPO4 [12] 0.005–0.1 
Flux growth 
technique 

1673–1073 155 

Y1xPO4:xYb3 [13] 0–0.1 
Low-temperature 

hydrothermal 
method 

473 358 

Notes: *1. References [2, 6] provide synthesis and subsequent annealing temperatures of 
nanomaterials aimed at eliminating defects that, according to Refs. [29–31], are typi-
cally present in nanomaterials obtained at low temperatures. 2. References [3, 11] list 
only the annealing temperatures after synthesis by the sol–gel method. 3. References 
[4, 12, 13] do not specify substitution limits; it is possible that fragments of continuous 
series of solid solutions were synthesized. 
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 At the same time, the synthesis of zircon-type solid-solution 
samples in the Y1xScxPO4:0.5 mol.% Eu3 [3] and ScxY1xPO4:0.5 
mol.% Eu3 [11] systems have been described, carried out by anneal-
ing mixtures of the components at 1233 and 1373 K, respectively. 
Under these conditions, according to XRD data, continuous solid-
solution series were formed, as reported in those studies. However, 
in the luminescence spectra, which, according to the authors of Ref. 
[3], are more sensitive than XRD, additional bands were observed, 
indicating the multiphase nature of the synthesized samples. This 
agreed with our previously calculated [18] critical decomposition 
temperature for these solid solutions (1450 K), according to which, 
at 1233 and 1373 K, a continuous solid-solution series should not 
form (Fig. 4). Therefore, considering the critical decomposition 
temperature reported by us in Ref. [18], the authors of Refs. [3, 5] 
annealed Y1xScxPO4:0.5 mol.% Eu3 samples at 1723 K, obtaining a 
continuous solid-solution series (Table 3, Fig. 4). 
 It should be noted that the orthophosphates Y1xLuxPO4nH2O 
(x0.0, 0.25, 0.50, 0.75, and 1.00) obtained in Ref. [2] at 293–383 
K were nanosized (particle size of 5–10 nm); after calcination at 
773 K, the particle size increased to 10–20 nm, and after calcina-
tion at 1373 K, it further increased to 40–80 nm. 
 The Y1xDyxPO4 samples synthesized in Ref. [4] exhibited a high 
degree of crystallinity, with average particle sizes determined by 
transmission electron microscopy of 4015 nm for x0.01, 6522 
nm for x 0.475, and 12545 nm for x 1. 
 The GdPO4 powders obtained in Ref. [6] consisted of nanowires 
with lengths of 600 nm–3 µm and diameters of 20–70 nm; for 
Gd0.75Y0.25PO4, the nanorods of 100–600 nm in length and 40–80 nm 
in diameter were observed, whereas, for Gd0.5Y0.5PO4, the nanorods 
were of 100–400 nm in length and 50–100 nm in diameter. In con-
trast, YPO4 powders displayed a rice-grain-like morphology, with 
particle sizes of 60–100 nm. Analysis of the data in Ref. [6] clearly 
shows that the amount of Y substituting for Gd in the GdPO4 ma-
trix affects the length-to-diameter ratio of the nanorods’ morpholo-
gy. 
 The particle sizes of Y0.95(1x)Yb0.95xEr0.05PO4 (x0, 0.3, 0.5, 0.7, 
and 1) obtained in Ref. [8], as estimated from transmission electron 
microscopy images, ranged from 20 to 45 nm. 
 The average particle size of YPO4 doped with Tm3 (0.3 mol.%) 
and Yb3+ (10 mol.%) was approximately of 140 nm [10]. At the 
same time, the average crystallite sizes of YPO4 doped with Tm3 
(0.1, 0.3, 0.5, and 1 mol.%) at a fixed Yb3 concentration (10 
mol.%) were 23, 22, 21, and 22 nm, respectively [10]. 
 According to TEM data, Y1xYbxPO4 particles (x0–0.1) exhibit-
ed a leaf-like nanomorphology with particle sizes of about 80 nm in 
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length and of about 16 nm in width [13]. 
 Thus, comparison of the calculated critical decomposition tem-
peratures with the synthesis data (Table 3) shows that the composi-
tions obtained by sol–gel, hydrothermal, or microwave methods at 
293–473 K [2, 4, 6, 8, 10, 13] are formed under conditions in 
which surface effects of nanoscale particles may significantly influ-
ence thermodynamic stability. At the same time, the calculated Tcr 
values for these systems are lower than the synthesis temperatures 
that confirms the applicability of the crystal-energy theory of iso-
morphous miscibility for predicting the conditions of nanoparticle 
formation. Therefore, the proposed computational approach opti-
mizes the synthesis conditions, including those of nanocrystalline 
forms obtained at relatively low temperatures. 

4. CONCLUSIONS 

1. It has been shown that in the Y1xLnxPO4 systems, the Q contri-
butions to the mixing energies Qmix increase with the atomic 
number of the rare-earth element (REE) in the series of systems 
involving orthophosphates from Gd to Yb and, in most cases, de-
termine the total values of the mixing energies (in 6 out of 8 sys-
tems, except for those involving Gd and Tb orthophosphates). 

2. It has been established that the QR contributions to the mixing 
energy decrease in the Gd–Er series from 4.250 to 
0.001 kJ/mole, and then increase to 1.148 kJ/mole in the Er–Lu 
series. Such variations in Q and QR lead to nearly identical val-
ues for the total mixing energies and the critical decomposition 
temperatures of solid solutions in systems involving Tb, Dy, Ho, 
and Er orthophosphates. 

3. A thermodynamic stability diagram for the Y1xLnxPO4 (LnGd–
Lu) systems and decomposition domes for the Y1xLnxPO4 
(LnGd–Lu, and Sc) systems are presented, enabling graphical 
prediction of solid-solution decomposition temperatures for given 
substitution limits, equilibrium substitution limits for a given 
temperature, and thermodynamic stability regions. 

4. It has been established that most Y1xLnxPO4 systems have criti-
cal decomposition temperatures either much lower than room 
temperature (systems Y1xTbxPO4, Y1xDyxPO4, Y1xHoxPO4, 
Y1xErxPO4, and Y1xLuxPO4) or, within the calculation error, close 
to room temperature (Y1xGdxPO4, Y1xTmxPO4, and Y1xYbxPO4). 
Therefore, they may be promising to produce nanomaterials, as 
the latter are synthesized at comparatively low temperatures. 

5. Due to the extensive temperature range of thermodynamic stabil-
ity (of about 2000 K), materials based on yttrium orthophosphate 
solid solutions Y1xLnxPO4 may surpass materials based on solid 
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solutions of other REE orthophosphates in terms of stability of 
properties and reproducibility. 

6. It has been shown that the calculation results do not contradict 
the experimental literature data in the sense that the synthesis of 
solid solutions in the Y1xLnxPO4 systems in [2–6, 8–10, 12, 13] 
was carried out within the thermodynamic stability regions pre-
dicted by us. In addition, our calculated critical decomposition 
temperature for Y1xScxPO4, as well as the previously reported 
value for Sc1xYxPO4 [18], agree with the results of Refs. [3, 5] 
concerning the choice of synthesis conditions for Y1xScxPO4. 

7. Since the critical decomposition temperatures, substitution lim-
its, and regions of thermodynamic stability of solid solutions are 
derived from the mixing energy Qmix, which in the systems con-
sidered is governed primarily by differences in the interatomic 
distances of the components, and given that these distances have 
been shown in Ref. [20] to be independent of nanoparticle size in 
the range of 6-to-40–80 nm, the quantitative theory of isomor-
phous miscibility can be confidently applied for predicting iso-
morphous substitutions in particles larger than 6 nm. 
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