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An approach for calculating the interaction between a hard superconductor and a permanent magnet
in the field-cooled case is proposed. The exact solutions were obtained for the point magnetic dipole
over a flat ideally hard superconductor. We have shown that such an approach is adaptable to a wide
practical range of melt-textured high-temperature superconductors’ systems with magnetic
levitation. In this case, the energy losses can be calculated from the alternating magnetic field
distribution on the superconducting sample surface. ©1998 American Institute of Physics.
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The study of systems with levitation has provoked p
ticular interest before1 and after2–4 the discovering of high
temperature superconductors~HTS! and especially today
when melt-textured HTS technology is actively developed5,6

Earlier7 we described the elastic properties of the po
magnetic dipole over a granular HTS sample. We show
that in such a system the granular HTS at 77 K may
considered as a set of small isolated superconducting gr
in calculating elastic properties7 and energy losses.8 We ob-
tained the information about granular structure and intrag
magnetic flux motion from the investigation of the resonan
frequencies7 and damping coefficients9 for different modes
of the permanent magnet~PM! forced oscillations.

The melt-textured large grain HTS samples that are
tively studied now are very different from granular ones
levitation properties. First, they have very strong pinning
sulting in the absence of the effect of the PM rise above H
sample at its cooling. Second, the small isolated grains
proximation does not work for large grains.

In this article, the absolutely hard superconductor
proach is used. The sense of this approach is to use
surface shielding currents to calculate the magnetic field
tribution outside the superconductor and to obtain from it
elastic properties of the PM-HTS system. The magnetic fi
inside such an ideal superconductorB~r ! does not change
with PM displacements. The feasibility of this approximati
is determined by the conditiond!L, whered is the field
penetration depth andL is the character system dimensio
~first the distance between PM and HTS!. With such an ap-
proximation, this problem has an exact analytical solution
the case of a magnetic dipole over a flat superconducto
the field cooled~FC! case.

To describe the FC behavior of the PM, the advanc
mirror image method was applied. The method is illustra
by Fig. 1. Its distinction from the usual one, which is appli
to the type-I superconductors, is in the using of the froz
PM image that creates the same magnetic field distribu
outside the HTS as the frozen magnetic flux does. From
uniqueness theorem, the magnetic field distribution in
area with no induced currents is uniquely determined by
normal field component on its boundary. In other words,
distribution of this component determines the PM-HTS int
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action, and in turn is determined by the PM initial positio
~FC position!. For the PM with initial position r0

5(x0 ,y0 ,z0) and magnetic momentm0 ~see Fig. 1! that gen-
erates the magnetic fieldH(r2r0 ,m0), the normal magnetic
field component on HTS surfacer5(x,y,0) is equal to the
same component of its reverse image withr0* 5(x0 ,y0 ,
2z0) and m0* ~the operation* maps any vector symmetri
cally aboutr surface!

Hz~r2r0 ,m0!5Hz~r2r0* ,2m0* !. ~1!

It is required thatHz(r) should be unchanged at any P
displacementsdr5r12r0 ~m0→m1 , Fig. 1! from initial po-
sition. To do this, the presence of another image withm1* is
required. This image moves with PM tor1* position @Hz(r
2r1 ,m1)1Hz(r2r1* ,m1* )50#. Thus, the interaction be
tween the PM and shielding current can be described by
interaction of the PM with net field of two images

H im~r !5H~r2r0* ,2m0* !1H~r2r1* ,m1* !, ~2!

and for the field outside and inside the superconductor
can write:

B~r !5H~r2r0 ,m0!1H im~r !, ~ for z.0! ~3!

B~r !5H~r2r0 ,m0! ~ for z,0!. ~4!

FIG. 1. The advanced mirror image method illustration.
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The above relations are true for any shape of PM wherm
indicates the direction of volume magnetization. For the c
of the point magnetic dipole, the analytical solution can
obtained.

The force acting on the magnetic dipole

F~r1!5~m1•¹!H im5F2~m1•¹!¹S @2m1* ~r2r0* !#

ur2r0* u3

1
@m1* 1~r2r1* !#

ur2r1* u3 D G
r5r1

~5!

can be calculated symbolically for any PM displacement a
m direction. For example, forr15(x0 ,y0 ,z1) andmiz

Fz~z1!56m2@~2z1!242~z11z0!24#. ~6!

The Fz(z1) dependencies for differentz0 are presented in
Fig. 2.

The elastic properties of PM-HTS system~oscillation
frequenciesv and nonlinearitiesg! can be obtained from the
expansion ofF(dr ) on d5ds/z0 ~for any modes5x,y,z):

Fs~d!52mm2z0
24~k0d1k1d21k2d3!1O~d4!, ~7!

v5v0@11g~A/z0!2#, v05mA k0

mz0
5 ,

~8!

g5
3k2

8k0
2

5

12 S k1

k0
D 2

,

wherem is PM mass andA is the PM amplitude. The value
of the coefficientsk andg are presented in the Table I.

The other useful side of this approach is the opportun
to obtain the surface distribution of alternating fieldh(r) and
consequently—energy losses. From~3!, this field only has a
component parallel to the HTS surfaceh(r)5hr(r) and is
determined by the PM and its moving image~Fig. 1!

h~r,s!52AS ]Hr~r !

]s D
z5z0

. ~9!

For the melt-textured HTS where the energy losses h
predominantly hysteretic nature,5 the feasibility of such ap-

FIG. 2. The levitation force acting on the magnetic dipole withmiz for the
different FC positionsz0 vs its distance to the superconducting surfacez1

from Eq. ~6!.
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proximation can be determined from the critical state mo
~the thickness of the layer carrying the critical currentJc

must be well less than PM-HTS distance! and for the above
configuration

z0@d5
c

4p

h~r,s!

Jc
, ~10!

where c is speed of light. As this takes place, and as
dimension of the HTS sample is much more thand, the
energy loss per squarew(r)5(c/24p2)h3(r)/Jc . Then from
~9! after integrating the energy loss per PM oscillation per
~for miz case andz mode for example!,

W5k
c

Jc

m3

z0
10 A3, ~11!

wherek'0.83. From here, the reversedQ factor of the PM-
HTS system8 is

Q215
k

pk0

c

Jc

m

z0
5 A. ~12!

The condition~10! is much stronger than is necessary
validate the use of the described approach for melt-textu
HTS. Even forJc;104 A/cm2 and forh;100 Oe, the pen-
etration depthd;0.1 mm. The experimental values of res
nance frequencies that we obtained for PM over the sin
domain HTS sample system~m50.021 g, m51.2 G cm3,
z052.5 mm! are in complete agreement with theoretic
ones.10 If the melt-textured sample has more than one d
main, the resonance frequencies and levitation forces are
preciably reduced. Thus the elastic properties of the P
HTS system can be used to obtain the information ab
‘‘granularity’’ of such HTS samples but to determine fro
this the number of domains per sample the additional inv
tigations are needed. Therewith, the energy losses dep
only slightly on such granularity and critical current dens
in the thin layerd under HTS surface can be determin
from ~12! with a high accuracy.
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